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An algorithm is presented for the rapid evaluation of expressions of the form

E m

,'- ."j=1

at multiple points x 1 ,x 2,. ,xn. In order to evaluate the above sum at n points, the algorithm
requires order 0(n + m) operations, and a simple modification of the scheme provides an order
0(n) procedure for the evaluation of an order n polynomial at n arbitrary real points. The algorithm
is numerically stable, and its practical usefulness is demonstrated by numerical examples.
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1. Introduction
III t ilis papler. Nve p resenit au iii goritIii for- thle rapidl evaluiat ion of exlpressioiis of the form

where xr > 0. (- o" (A "I I'2 .l 32. J , i3i are two fintite sequeuices of real

inmbers and~ .1j >! ( for all I < .; < m. To evaluate the sumn (1) at it arbitrary points onl the

real aixis. the algoritlin requires at number of arithmetic olperarious proportionial to

(i +,12e(~ (lo,.(!)) (2)

wvhere tis thle p ree isiou vith N\1w1 cl thle calculat jois are beiiig performed, aiid I iii ost cases

likely to be ecom it ered. ini pract ice, thle estimnate (2) ca ii he redu iced to

(it + In ) It " 2(- (3)

- (see Observationis 7. 1. 7 2 below).
Thle evaluationi of expressionis of the form ( 1) is closely related to several classical problems

* i the theory of comnpuitat ion. For example, the problemi of rapidly evaluatinig a polynomial

P(t)=ZPj -tj (4)
J=I

at to differenlt points is readlily red iced to tilie forii (1) by tilie obv iols Siibstit itiOnl X

lorJ I . The classical algorithmn for evaluiatii.g (4) at in poinits hias anl asymptotic complexity

0)m rO o2 (,?)) (see, for example, 1,2]), making (3) a moderate Improvement over previously
aval able results, so far as the asymiiptotic CPU time estimate isconcernied. Onl the other hanid.

the algorithm of the presenit paper is numerically sta ble, aii(l our numerical exlperinieuits (see

Section 8) indicate that iii practical calculatioiis, it is extremely efficient. making it a method

* of choice whenever expressionis of the form ( 1) have to be evaluated at large iinmbers of p~oinlts.

Remark 1.1. Classical algorithms for the rapid mauiilulatioz, of polyniomials are purely

- alglebraic. anld are appllicab~le to polyinmials over a widle class of fieldIs. Onl the other haud, the

al-orit im presetend hiere is based oii alpproximiatioii t heory (iLe it relies onl certaini facts from

re~dal aalvsis) and~ is, rest ruct e to polviioin ia Is over the field of real mnmbers. Whlille it can be

uie1ralized to certain other fietls, detailed1 'inves-tigationi of suich geieralizations is outsidle the

' '(j of this paper,. mid( will bv' rel)orte(l at aI later date.

2. Relevant Facts From Approximation Theory
Si ppose that a, If are a pair of real numbers such thlat tm < 1), and( that k > 2 is aim initeg(er.

'heleme odes 1f]. 1k oni thl, iuterval If. h] are definied by thle formulila

2 + 2 2 (5)



For a function f : [a, b] - R' , we will denote by P ''',.f the order k - 1 Chebvchev approxi-
ination to the function f on the interval [a.b , i.e the Ounique) polynomial of order /: - I ,uch

that pb.f(ti)-- f(ti) for all i = 1.2, I. There exist several expressions for tIe pl lnommial
pk and the one we will use in this paper is

pkk
Pab,f(t) = a (t) f(t) (G)

j=l

with

(t)j(t- t,) (7)
i=ljglj(tj - t,)

The following well-known lemma provides an error estimate for Chebychev approximations.
It is the principal analytical tool of this paper, and call he found, in a somewhat different form.

in '3].

Lemma 2.1. If f E ck[.b] (i.e. f has kc continous derivatives on the interval [a, b). then
for any t E [a.b[,

-( f (b - ()k 

(

P ,b,(- f W)1'5I! 4k
with

.l = xi j(k)() .(9)

Furthermore. for any k > 2 and f e [a.

k

j t](t) < 2. (10)

a.,,=1

k
Y - I 11j(t) I < "- + - oi(.j (k).
j=i1

In the present paper, the above 1cm nia will he used ii tile special case where 0 < it < b,
andl f(t) = e - ' , with- > 0. IT1rhu tlie ,-auolitions, the expression (S) , t,,mnes the forim

k~ , -..
PI.k.)(t) f f)< I - ,') (12)

k'! 4 4

and the following lemnia provide, a forin ()f th, ,',tilmate (12) independent of

Lemma 2.2. If under the conditions of Lemma 2.1.1(t) e-' '.b 2a. and a > 0, then

P,h./t) - f <) < (13)

.5.
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for all k > 2 and t E a I
Proof. Obvoilslv. for t E 11, 2a], the estimate (12) cani he rewritten in t he formn

k! 4

Differentiating the latter expression with respect to Nv e find that its maximium is achieved at

k (r

No\\. silb stitiltilig (15) into (14) and using Stirling's formula. we olbta in

_1ko~fb f(t) I kk -I'
- e~ < (I G)

3. Exact Statement of the Problem
In the description of the algorit hiii helow . we wvill assumlie liat:

*a) (-k = j j. (.i-2 ."11 ) 1 1 , '.. 1 .ij,.2,.......are three finlite s'equiences of

re,-l iimers.'

b)The sequences .3 an x11 are nmonoton ically I crea.si hg.

3) 13 > 0.
I i> 0.

o) We would like to evaluate the iis

S,(kk=Z (17)

fo r al I I = 1. 2. n withi a relative accuracy c > 0, i.e. we would like to findl a number
5

04J) s711 that

4 - S,F I A < (S

for each k E 1. I,i

Remark 3.1. A-; lia,, 1(11 mnttionlel In the lintroducwtion,. the problemi of evakluatinig a
polyiioinlial of ordler II at 11 points is easily redulcedl to the form (17). Ihillee'l. ,1l)( F, tha;t ai

1% of)m~i the formii (4) hasi to he evhltlat am1oliotonlicallv increasing- finlite Noqllelicf

Apoints ,.t 2  /, It c-anl h)e a "1Iie ithoult ;I 10s ()f g'leerality that () < tk f 1 fr al
I'1.2. . o. and we, will introdu1ce a l(nw vani dde xc=-o~) and denote hv'(f. w r.

*.Thui,. %-;ljtiroti of thle ipolinniial (4) at a mionotoniically increazsin- fiite sepquence, of point,

.1:1. !,en r-hticel to evaiuatiiir th

Fri
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at a I I Iootolj.ll It .1cI i 'I I_, fi I'T' 1 i oI It y t st . 1 .. . Finall y. l).v re-ve--
nIl The ordecr ,fril the jiii'nie .', we ilthice till, -v thiiation of the polynoiil (4) ; it rl~

TO T2 litt te tiljl t Il illoei tot iiiiilatel I I ove1.

4. Notation
III This secrion. we w~ill lit,,Ill' mice;vVPrl dIefin1it loll- to be ndill the leCrIpIItioll of The

al"Iroili inl Set tions 5. 6 below. Throlirholit this seto.we wvill a-stuine that we are (clea hug

- . ~ withi the prolulein lcscriled ill _SOc tioli 3. :ilid that q is i linteger xwho-se particular value is to

he 0lrIuninIlaer

W". wVill [ lly _11 the .. iiill"'t inegr iuniber sulch That

We* %vill lirie ;t iiite, *-([leiice U', =1.2. .-If of initerval., onl Tile real ;tii- he il foruuitul;ie

lit ] (21)

Sn1Iliihulv.I we will hlefiue a hite sequence V . 1, 2, -Il of Intervals by the fojunollae

* 0.X)I- (22)

Fr illny 1 1. 2. ..If, we will denote Ilv 1~, the ,uuhst of 3 consisting of all points .51 Such
thal't q, ;il'l(an for any i= 1, 2. -Ifl. we will 1eu10te hV Y the sit bser. Of 3- consi-stingl Of all

p juts rI 'hkiCh thalt .r) E I".

F)r .,u,11 = 1. 2. .1l. Ill, will leujor, the ntuuiibher of elemenclts inlli Similarly, for each

=1. 2. H ~. /?, will dlnote the 11inil1"t. 4 eief t inl .1".

Remark 4. 1. ( )lvioi-lv. l)ilii o thel ( li-tIlluiioiis of the( poinit, 4, and 1a,. The Al

Aln I,, f. i ily g a e till Tt i I i r 1 Al f 11 11~ 1 luhi t mt 1, li p led lv mt. alilt]

*rip,. t-r,,l i1iuil 11 1t.uu thatit I/ U ( i , hliile lN 11. 17or olhVioll, Frea.-.oui. We" Will relferL
"Iitvto iitral-. ,. 11, 11 tha~t M, l( nij III. h the olpo-.ite ia.the, inltervals

Fro =12. ;. l A I an 1 1.2. Wt. We ill denlote lv il( teJ-tli Clich~cliex' nlo). on

the~ in t#orval U.

Siiiilarly. fo(r -oth = 1. 2., . l. a11i( 1 1. 2. . we will dlenote hy x' th" 1th Ci ( ii

liv no m heiitmvI;

Fr ktlm 1. 2. k. 11 1 -tl, 11 thaet ~,~Uk We 11 lehol 'lilo iij 1 1 u(l di .. i ='

12 *.Iv.V till, ,

%4



:. .= . . '3

fii 4k _ (23)

.,r each k= 1. 2 .1 and i L 2,. ., we will dcefine a real number IlI by the formula

Ilk oa .. (24)

Observation 4.1. Due to Lemma 2.2. the expression
q

k ( t ) T I l , , e .- i ' 5

j=l

(an he viewed as an approximation to the function e- t Furthermore. for any I E Uxl}.

1uo (t) - e- ' I< (2G)

(oimi /ning (24). (25). (26) with the triangle inequality, we easily see that the su i

q '1

I' k e j -- kI j lk _3 3 k.,k J,1 e 3[t

i= 1 e = 1 jI 3 oE1-

S. k e-,(, t (27)
3, El k 1=[-

canl be viewed as all approximation to

J1 El'1

-,3i- , I (2 )

.3, E k 1) El'

Firtli.rmore. comblining (11) with (24) auil ii-ing the triaigle inequality, we obtain

'I 'I ,

'4 < <l:, ' ,, i< (2+ I,,( ( ) n j, (30)

6 (1'.'i 1." = 1.2. . .[. and 1.2. .'1. we will ,,fiii a real 11111111'le f hV b the NXpre oiiO

-. -:

.. .. . .. .S. .. . . . . . "" . . . . . . . . . ..:" - .." -. ... •



For each k - 1.2,.. ,_I. and t < < o sucli that x'; E V , we will define fj by the formula

/=

f =/j.t (32)

with the coefficients 1'.j defined hy the formula

k f1- " - A (33)

Observation 4.2. Due to Lemnia 2.2. for any / = 1. 2, , amd k such thTat xi e V 4. /.
can I,' view'd as; Il approximation to the expres1ioi

1 3-'1x,

* b= Z Z e -3 ; 
X

.  (34)
1L'k+l =1=

all C l

4,': E ,, ,(s
a=V:+l 1 =1

ogibinin, (35), (20) (30), and u.siug the triangle inequality. we conclude that

j o - e C. ) - , ! - (3 + •oq(q)) , (3G)
i=17

for any /= 1.2. .,. Now, for any given t and q > 2 loqj(t).

For any 1 1.'2. .-If- 1. we will lenote Iv , tle lar Me- t int' r .ItchI that

-, < l ,2( 3 ,, .,,,) - - (38)( (! )) (3s

Siinilarlv. for aim, I 12.- . ,.If - 1, we will denote hv /1, the -ial-t intc'r 'V )u h t;it

/I , > /"I2(,m .1,1) - 1'2( - (39)

For any I = 1L2. . ". ' w will define the u et 11'. ()f til inteival II. 1,, N th t, fe IIIII

I1 U = 1 . 41))
I 'k Uv

",n , te iv , . th 111 in

G

S%.

--. :A L,,.A .. + , .. , + , .,,. . ..



i'k -4 1")

Observation 4.3. It i's easy to see that if x E U, and .3 Vj with / < U, thell

e- 3 < 4. 2

Silitarlv. if .r G (, and 3 E Vj with j > Il. then

... 3 J- 1 1_ . 043

F _irheri )iore, for any 1 1.2. - 1. - 1.

i- ' _ 2 oq.). (44)
In ot her words, given . C Ui and .3 E I' ( )Ie of three )os1ihl, sitliatiol' obtainls:

a) . 1 < ,. In this case. e- can be approximatdtw h) with a pr('(ii,) .

b) > Ili. In thils case. e-3.x can be ap))roximate'd 1N 1 with ;I pree'iio1n f.

c) vi' < j < pl. In this case. e- I can not, be approximated by ('it her () or 1. However. the total

number of indices j for which this situation obtains is bomhided by 2 loq2(), iindependeitly of

. 3. or i.

5. Informal Description of the Algorithm.

We will illustrate the idea of the algoritlii on a ,iil~liti,, exiille. Niiely. we will a lsiue

that .3i E U1, i.e.

3M < 31 < .,,(45)
2 --

for all i 1.2.- ,m. and .r E I '. i.e.

- < < x, (4G)

for all j = 1.2. . .

(-on~iler the function , with .3 C T . e I '. FixiNg r o, viONiii' e -l as a fiuictioi
*, of 3. we construct its q-point Chebchv appioximation ,(.) on the interval (rT. D e to (G).

,. ) = , {.i) ( (47)
d'. 5=1

l with the fiiiction I] ,1,.fined hv (7). and the coetficiets .h deiie'd in Sectioln 4. Accorlillg

to Leinia 2.2.

"."," ( ) -, I '< -- 4S I

'.-'!

6<

.................................. . .. .. -. -...... , .,.-

('. .2'.. . . . . . . . . . ...". .-. . ...- -.."-". .-. . . . . ..>"-."-..-,.--''.- " .-,-. '-. . ,-.-" -..'"-.. -.'.--.,.- .x .--,".-.--:' --. -



'Ini, g-ivol a fixed r~iii Wie (,il iiooej-2 ) old ini III 'F s it'u m;T ie

J 1 I J 1 I jrz

ftli any .r ' 0. -N l nd de to (45). the latter cain be rewr~itteni in the forml

i- J- I~ 3i

- ___ )(52)

NO' . ii- .t tii T,) \;it I tril 1 7) it t e,(,oic o 0 t --! - i t( oe - 4 J) .i I~ all i ytjooii *i1e

C"lt ph-Niit%- of. 1.2.t I'.' \Vi I., OhlO'll\ (i 7lv from 0t i) iitiire toe ta.

M '\IiOpertios) e\I-.-li ete x l"Ii

(54)

hr Iii.-v 11.1- . i.whc il tr1''ier .1 x/) 1",eir lutii q op-tt n- Trm( ex pat

il- PT re i i 'rlltr tte I j li. tohe 1,i L i ()~I il W iu\ t te h.titti~iia

t))i - It) q~)j - ) Of,/ (53)1 i

An i ter1atiwe approach -a wo e1edill '?1 t1 (O'ilt thecothitittwa i for. Ho 1.2. f or aer

-, .ti' filn~ 2.2 ,2 (,;h-i ho iied r ilto (Y )Iti '.Ict' f]ttu iltervl t~IT_ O i th (17) fro ltle

- il-lill I t' t l i ll , 1ittit h fr i ) fr o (13) T l-i i -lttt, c l r s l n

InI



- :tl.A o)rhif for (vliiji 17) ;it it puiimt with a rtlatiVi' lfrcioiit

:4

6. Detailed Description of the AJIgorithmn

A Igo ritIii i

Stzage 1

Comment ( i*nl jrointr ;Iii11 prforiii1 "colic1e i;I i~i~

III o' I~II to In I( Iiv .Id It -v b'; oi-.ti'luT tii I iini;i- f11( T 1 r ,

* r, . I, with 1 1.2, -AL.

Stage 2.

Comment '()iu o t h fThe ilwii-oiiipttv iiitciv~ds r 'k- i hiItilt'

-iu (27).

V Step 1.
Comnmnent 'Se All co.t-iciiit, it ktzeo

do k 1. H! - 1. :k 0

end do
end do

Step 2.
comment 'Fir.'ol ",I ii 4i i " hJQ II ii ii-iit. ilitfiv,dV T * \,hit uk I '1 ;1(] 'IT ito>

doi

end do
end do

end do

Stage 3.



CIom m11ent Ev illi~ire v, \; I uii (:)I t- I 1 1,. _ 3

do I.- = I .1 1 k P0

(10 1.

'vi~ tr he exprl-o-iolI J" J ,-

enld do0
e l(1 (10

Stage 4.

Cmunnuenlt T '. v"..Ai ;li~ 1 t',r1Illlt (32)

do; L.f1-"

*~ ~ ~ ~ ( 'I.Lt hoI

end (10
enid do

Stage 5.

Commilent Fr 1ii k: 1.11.3[ li -mul I, VA 'i Ob. ( wj\r;rii 4.3 t,) v;mr r.
'11111 "'r 'I)- Aolii the r',,su t to 1"'. cnii;1llihll;" tip (;l(lh io l

Step 1
CZomm nent 'E\;i iate

Step 2
* Conmnent E\;ihiuje '5k Ho'ril f .. .1

end( (10

Step 3
Cominint TF r2 1 1. 2. H , ;i.liii iii1 1 11iu tli T l 

1
A* ;

1il > TOI T~~~ii ho

.1 I Lk R' K '



(10 1. 31. IN ,,.K-WI

: . do k" f 1' kI ,b,. 0
hi*.'.', do .x, E "k.

add . to j'.
end do

end do

P"': 7. Complexity analysis

Stage Operation Explanation
nuimber count

Sre.,e I OJj O ,-) Each of the points .,3... 41,J is ;.-sigiid to ;t single
interval U,. Each of the points X .3 2,.., is a.-igned
to a ingle interval V.

P: Step , wit k0 1"2
,Sra"ze

.Step 1 0(3- q) Each of the coefficients uwith k = 1.2. 31.
and I = 1. 2,. ,q is set to zero.

Stp 2 O(10 ,q2) Each of the points .3.3,, 3...
colltriil tes to the coethcienti e., with

J.'
j =1. 2,. .q, and evalating each of the coefticicnts
Il

'
s requires or(ler q work (see (23))

-.- Sr,,, 3 O(-- ,12 q t)) The sum (31) has to be evaluated
at q nodes .r1  k on each of nion.-emlpt

intervals I.1.1 2 . " .A .
10an on Tite k - th interval, it conta in>

PkA .- lk terms. However, dc to (44)). PK - ', <

for all k = 1, 2. .31.

4 () ,/2) The expressioil (32) has to Ibe evaliated for
each of the points 'Ill.(.].,,. and evaluating
each of the coefficients Ilk reqlies orler q work )-,,e (33)).

,.:." St ;,e g,

Srp I O(fit) The sim St= (1,, o, Contains 1o more than ,,1 terms.

.1 2 (1, -f- ,i,) The total iiiiih tet' of nou-emlitv iiterv;il i. lou ihl bv o.
illtll thi' total 1illlihi l .e of c <tficiit-, (I)

is Iholil el le ilv l.

,,..



Stce1 3 Etchl of t it( ioiinhers f is amnuleol once.

~iiIII, lo ('PUTI t illit" tor 2111 -talges ah12ve. we obtaIn~ tIe followNing' tillle estimaite:

(Ii -/ /--..' AL /~j -).(57)

~~'T. <l~ '.' tio __t i.1 - 1 . i -l,'tili'te (5 7) o1 os tie imi

7', 0 t It -to (5O)

O IIbservation 7.1. iThe tern 1, rot III 5nS) 1, a..-.ite4 WvIthI thle St&4fe 3 of i'l ;J1 or'ti1111

T\f < Ml < "(O

A(( r~, 0)1111 to 1' 2 (211 '1 ( (1

Hl < M1 < 3 (G2 A .i2)

T,, ,I I rt, / 1) ~ 11 M 2, to p-t- /q .1 q /'j~ (63)

()hservatioii 7.2. TI. t,,mis AI ,
2  

111 dj to III (57) :i(10 ?~,it-] I )I rio Saz'

11 f ti- ; ,i . II,1 1 I ' pI t- I-. t I i t io ,t1 O fi ,i

q I'a I q I-r-im piwhi( t~~~~~~ . ,f t wf1i 2 ) (1 ( 3) ir ( l v m~ Y

t 1wI ,-li , oI II II I I t I i , tI I I I I t f t II I it' I II I t 1 t

I li il"I I It fi -itt I oil ill1 112tI It 1 t 1T 11 1 t (I

t trS4 i I o Ti, , f oI i i,

I..I.I..I..-....................... ......................



ill 'II +-) 1 4-.2 (64)

Hoever. q lrg(.4) rl ~ IstixeI foi. givenl c(lii uer 3vsen 1ad lmaiigiag-. Tlini,. whlen

S. iiineiical Results

A comiuer prouirain a bten wI It t ii liiipleiieiit ilug Te 0AI 01 it Ii l4 t hi-ppr The

"I are C,hilated for a given set ot wnighlits i. I ,t

Renmk 8.1. It is, clear from Table L. 3. 5 that the fir-t ti-ve (Initialization) Tendis to
*be ,evenil runeIS More expens ive thanl the e(ollol (evahiiatioi). However. iii lilost cijppliiatimis
4 the ;ilgrilthmin has to b~e initializedl on~e, wit h subseqlient repeated evailiatioii of the uiiiM (17)

tor \avlm ets It wegt M~*~2 i. Thiis sithat ion I., sintilar to tha t ilcoilit irei for tilt,

- Fast Fourier Traiiforilnatioii

The program has beeni applied TO aI Variet\v Of itIIIaT ion-.., anId Thliree Suchl examles~. a re

p)resented inl thlis tlection , with Irtime compultt Mions, jerfarinleil onl a VAX-N-)OU coaIllpuiter. Ill na cli
\V(, w pertar-Imiel the Calculations Il inv the nur: via ic heiliithim of the piesemit paper

inl sinle precision aritlnetic. directly ill s;ingle preci.siall arithmeitic. aliil directly ill double

pre~cisioni arithmnetic. The irst two calcullatilonls were u1sed- to compare tilie !speed aiid precisionl
of thle algorithml with that of the direct calculation. The dlirect eluiationl of thle held inl double
prcision wxas used1 as a -staindard for comparing. the accuracies of the hirst two calcuilatioiis. Ii
all ea.ses, we set 6 10-8 and

withi k valrvillfol oS

Tlc 1. 3. 5 e-oiit; in tilie CPUT timliigs for the examnple- 1. 2. 3 res~pect ivelv. Foll owing is
aI horaileh de-cription of time eiitries; iii tlieso Tables.

o) - tim numb11er of poinits at which the sumll ( 1) is being evaliiate'h.

-T,- tia iiiti;iliZa)tioii timeW of thet algor1IIIIi.

- T,, T ilt, CPIT time riiuiired by tile algorithini oiice it has beenl initialized.

ST,r, thle (CPI Tiiii reqiriied 1y lie direct calcu lation.

Ttles 2. 4. 6 conitain thle accuracies for thle oxam ples 1. 2. 3 respect ively. Iii lie descript ion
of thet enlties of these tales belowv. S. dliotes the soum ( 1) at The point xA. as,- evaluatedl directly

*inl double p iii.Sj! leiiotes tie imi ( 1) it the point .rk.asI evaluatedI hirecrhN inl single

- P re Pi-io. Iihd SL'l 'l.ii!O- the -1iiii (1) aIt tile polit *'k is vAlIit,1 Ill 1iiige peisionl v-ia tie
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altca'itl hii of the present paper. Following is a (letailed description of the entries in the Tables
2. 4. G.

n.. the number of points at which the suni (1) is being evaluated.
- , til - te mnaximulm error produced bv the algorithnm at any point. It is defined by the formul

.... ax I Sk . (67)
l<k<n

- the inaximinm error produced hv the direct calculation at any point. It i- definedI hv the
forimi la

=max IS/- -. 1 .r (CS)
l<k<t '

tile Inaxmiun relative error produced by the algorithmn at any point. It is ,lefned 1,v
rhe fo)rmula

1!t maxt Sk (O
= I 5  " I l( O

;,,zr, . the maximum relative error produced by the direct calculation at. aiiv point. It is

de-il ned by the fora.la

S-k11 S(7)

*7 ,>'j4 - the relative error :is defined in Section 3 as prodced Lv tle algorithi. It is given v tle

fortllula,

Orel. - (

Sk 
(71S)

* , the r.lative error as definied in Section 3 as pro(uic(d by the direct calculation. It is given
- -Lv the foriiiuila

(72)

-!i Fllowluii, is ,et;ile, lol.ripo of the hre, e examles.

Example 1. Ill this exanmple. the points 3
, . .3 .3,,, aild .r . ..r,, wore ,lefiied hv

trlie toniiui aev

. 31 = - , , (73)

: Ik 5 •(,' ) (74)
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and the weights cl, 2 , ,, were generated randomly on the interval [0, 1]. Here, by "direct
algorithm" we mean a straightforward implementation of the formula (17). The results of this
set of experiments are summarized in Tables 1, 2.

Example 2. In this example, the points 31,032, ',,m and x1 ,x 2 , ,xn were generated
randomly on the interval [0, 5], and the weights al, a2,'.., em were generated randomly on tile
interval [0. 1]. Again, by "direct algorithm" we mean a straightforward implementation of tile
formula (17). The results of this set of experiments are summarized in Tables 3, 4.

Example 3. Here, we evaluate a polynomial of order n at a collection of randomly gener-
ated points on the interval [0, 1]. The coefficients of the n - th order polynomial are randomly
distributed on the interval [0, 1]. In this example, the direct evaluation of the polynomials is
performed via the Homer's rule (see, for example, [3]), and the algorithm of this paper is ap-
plied via the formula (1). The results of this set of experiments are presented in Tables 5.
6.

The following observations can be made from the Tables 1-6. and are in agreemant with
the results of our more extensive experiments.

1. In all cases, the accuracy produced by the algorithm of the present paper is comparable
that obtained by the direct calculation. For large n, the algorithm tends to be slightly more
accurate.

2. The CPU times and accuracies produced by the algorithm are virtually independent of the
distributions of points aj,13i,xk in R'.

3. When used for evaluating expressions of the form (17), the algorithm becomes faster than
the direct calculation at n = m < 20, if the initialization time is ignored. If we include the
initialization time, the break-even point is between n = m = 40 and n = m = 60.

4. When used for evaluating polynomials, the algorithm becomes faster than the direct calcula-
tion at roughly n = m = 40, if the initialization time is ignored. If we include the initialization
time, the break-even point is roughly n = m 300.

.
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Table I

Example 1 : Timings

n Ti, T.1g T,,r

20 0.0112 0.0015 0.0081
40 0.0369 0.0042 ).0318
80 0.0802 0.0092 0.1278

. 160 0.136 0.0165 0.5202
320 0.218 0.0283 2.069
640 0.333 0.0468 8.368
1280 0.484 0.0784 33.25
2560 0.727 0.137 133.58

Table 2

Example 1: Accuracies

nma max bmazrel bmaz,rel 5ret brel

20 .412E-06 .638E-06 .383E-06 243E-06 .359E-07 .556E-07
40 .179E-05 .219E-05 .459E-06 .418E-06 .783E-07 .960E-07
80 .408E-05 .688E-05 .623E-06 .671E-06 .100E-06 .169E-06
160 .138E-04 .262E-04 .825E-06 .116E-06 .173E-06 .326E-06
320 .378E-04 .873E-04 .597E-06 .105E-05 .238E-06 .550E-06
640 .922E-04 .231E-03 .103E-05 .258E-05 .279E-06 .699E-06
1280 .273E-03 .740E-03 .841E-06 .473E-05 .420E-06 .114E-05
2560 .522E-03 .233E-02 .880E-06 .886E-05 .407E-06 .181E-05

4.-
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Table 3

Example 2 : Timings

n2 r,,,,, T,,g rT, r

20 0.0097 0.0011 0.0083
40 0.0275 0.0033 0.0332
SO 0.0768 0.0089 0.1328

- ~ 16() 0.126 0.0157 0.536
• 320 0.210 0.0271 2.12

640) 0.326 0.0455 8.50
* 12S) 0.497 0.0784 34.12

2560 0.698 0.1351 138.34

Table 4

Example 2: Accuracies

n 6"laxmax , max,rel 6 max,rd ret brel

20 .312E-06 .164E-06 .160E-06 .192E-06 .268E-07 .141E-07
40 .109E-05 .270E-05 .405E-06 .316E-06 .501E-07 .124E-06
80 .354E-05 .364E-05 .658E-06 .860E-06 .832E-07 .857E-07
160 .835E-05 161E-04 .860E-06 .845E-06 .IOOE-06 .194E-06
320 .198E-04 .298E-04 .974 E-06 .158E-06 .115E-06 .173E-06

- 640 .606E-04 .128E-03 .824E-06 .288E-05 .185E-06 .389E-06
1280 336E-03 .657E-03 .914E-06 .423E-05 .207E-06 .100E-05
2560 .451E-03 .149E-02 .827E-06 .799E-05 .348E-06 .115E-05

I O

I' . , .

eqk l l l l i ~ ' i ' i J -I i j t 'I [ i.



4.

Table 5

*: Example 3 : Timings

TTiri, atIg Tdsr

20 0.0135 0.0015 0.0013
40 0.0435 0.0052 0.0047
80 0.0948 0.0109 0.0179
160 0.1327 0.0172 0.0729
320 0.222 0.0286 0.2779
640 0.306 0.0445 1,101
1280 0.422 0.0718 4.54
2560 0.664 0.1322 18.37

Table 6

Example 3: Accuracies

6 maz 6 max 6 max,rel 5 max,rel 6 re 6 rel
aig dir a1g dir aig dir

20 .772E-06 .260E-05 .301E-06 .305E-06 .673E-07 .227E-06
40 .218E-05 .275E-05 .396E-06 .337E-06 .955E-07 .121E-06
80 .518E-05 .554E-05 .528E-06 .210E-06 .127E-06 .136E-06
160 .615E-05 .462E-05 .671E-06 .304E-06 .766E-07 .576E-07
J20 .103E-04 .232E-05 .851E-06 .387E-06 .646E-07 .146E-06
640 .224E-04 .295E-04 .832E-06 .422E-06 .680E-07 .894E-07

- 1280 .615E-04 .360E-uj .745E-06 .120E-05 .949E-07 .555E-06
- 2560 .757E-04 .120E-02 .862E-06 .191E-05 .590E-07 .932E-06
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